The maximum entropy principle is one of the first methods, which have been used to predict droplet size and velocity distributions of liquid sprays. Due to some drawbacks in this model, the predicted results do not match well with the experimental data. This paper presents a different approach for improving the maximum entropy principle model. It is suggested to improve the available energy source in the maximum entropy principle model equation by numerical solution of flow inside the injector based on the computational fluid dynamics technique. This will enhance the calculation accuracy of the turbulent kinetic energy of the output spray. Application of this procedure enhances the model predictions. The liquid sheet properties resulted from the analysis are also applied for calculation of the momentum source in the maximum entropy principle model. The proposed model is applied to predict the droplet size distribution of a hollow-cone spray formed by a swirl injector. The results show a better agreement with the available experimental data than the results of prior models.
Introduction
The droplet size and velocity distributions in sprays are two vital parameters required for the fundamental analysis of practical sprays. Detailed information about the distributions of droplets size and velocity is consequently important for the design, performance, and optimization of spray systems. 1 Information of droplets size and velocity distributions immediately after the breakup is necessary as the boundary conditions for computational fluid dynamics (CFD) and two-phase spray computations. 2 The classic models to predict Sauter mean diameter (SMD) and droplets velocity distribution were emanated principally from the experimental information. In this method, a distribution curve is fitted on different experimental data resulting from different operational conditions of an injector. This procedure is the basic foundation of available probability distribution functions such as Rosin-Rambler, Nukiyama-Tanasawa, Log-Kernel, etc. 2, 3 Several studies were carried out to obtain a more general droplet distribution based on the statistical approaches. Since 1985, the maximum entropy principle (MEP) has been applied in atomization and spray fields in order to estimate the droplet size and velocity distributions and has gained a lot of success. This approach can estimate the most probable droplet size and velocity distributions under a set of constraints. Sellens and Brzustowski 4 and Li and Tankin 5 were pioneers of applying the MEP approach for modeling of spray and atomization. In this approach besides the conservation of mass, momentum, and energy, maximum entropy principle must be satisfied by the droplet size distribution function. The most probable size distribution could be determined from the conservation equations if the system entropy is maximized. Li and Tankin   5 utilized a single constraint of energy but Sellens et al. 6 used separate constraints for the liquid-gas surface energy and kinetic energy of the system.
Most of the past researches [3] [4] [5] [6] [7] applied the MEP model based on the thermo-dynamical approach independent of the mechanisms happening during atomization process in the assumed control volume, such as the turbulence generation, aero-dynamic forces, and mass transfer. Indeed, the forces acting on a liquid-gas interface including surface tension, pressure, inertia force, centrifugal force, and viscous force cause the growth of disturbances on the liquid sheet due to the turbulence, which originates from inside the injector. The growth of these disturbances ultimately breaks up the sheet into ligaments. 8 Considering the turbulence conditions in a diesel injector outlet, Huh and Gosman 9 proposed an approach to compute the turbulence level during the atomization process. Later, Huh et al. 10 presented a formulation based on the initial turbulent kinetic energy inside the injector due to the strong shear stress along its wall.
To better understand the physics of an atomization process, comprehensive experimentation coupled with numerical modeling, have been conducted since two decades ago. Modern CFD methods are able to produce exact numerical models of spray processes. In this study, a coupled formulation is proposed in order to consider both fluid dynamics inside the injector and primary droplets formation of the injected liquid sheet out of that. The CFD technique and MEP were used for simulation of the two regions, respectively. The two models have been connected together using energy source term and some other parameters obtained from CFD analysis. Aerodynamic forces exposed to the liquid sheet, due to velocity difference between liquid sheet and surrounding gas, have been considered in the MEP model. An improved energy source term is used in the MEP model, in order to enhance the prediction ability of droplets size distribution at immediately after the liquid sheet breakup. An industrial swirl injector (Miser) with hollow cone spray characterized by previous researches 11, 12 is investigated as a case study for the present model. The new results show a better agreement with the available experimental data than the prior models. 10 Due to the complex fluid dynamic phenomena inside injectors with small sizes, experimental measurement is quite a time-consuming and tedious job. 13, 14 CFD technique can provide more exact and detailed information about the flow inside the injectors even with very complex geometries and it is really an important tool to fundamentally understand the internal flow physics.
Several researchers have used Reynolds-averaged Navier-Stokes (RANS) models to model swirling flows. [15] [16] [17] [18] Kobayashi et al. 18 simulated the swirling flow in a pipe using the k-" model. They showed that the experimental data and simulation results agree satisfactorily well when a modified k-" model is applied. Zeng and Yu 19 applied experimental and numerical methods to study a 2D airflow field in an injector. It is evident that the classical k-" model could not provide reliable results. 20 The major problem in the numerical simulation of the flow in injectors is true tracking of liquid-air interfaces. Steinthorsson and Lee 21 utilized the volume of fluid (VOF) method to simulate the 3D flow with Reynolds stress model (RSM) for prediction of the flow turbulence characteristics. von Lavante et al. 22 carried out both 2D and 3D numerical simulations of internal flow using the VOF method. Also, Buelow et al. 23 applied a two-phase VOF model to simulate the flow inside a small-scale pressure-swirl atomizer.
A full 3D numerical simulation is carried out in the present study in order to analyze the processes occurring inside an industrial swirl injector. In these kind of injectors, the swirl flow in the injector is produced by injection of high-velocity flow across the inlets, which are tangential to the swirl chamber. Ansys Fluent version 13 is used to simulate the flow inside the industrial swirl injector studied in Eberhart et al. 11 and Movahednejad. 12 This analysis is performed based on the VOF model using a modified k-" model.
The MEP model
Droplets formation is a random process and, therefore, it can be modeled using a statistical method in which PDFs are utilized for droplet size and velocity distributions. [24] [25] [26] Governing equations are written for a control volume, which extends from the injector exit plane towards the zone of primary droplets formation at starting point of the breakup process. The control volume length is identical to the breakup length obtained from the experimental data. The conservation equations of liquid mass, momentum, and energy must be satisfied through the atomization process. Concerning the entropy maximization, the conservation equations can be represented based on the probability density function p ij , which is the probability of being present as a droplet with volume V i and velocity u j . Therefore, the conservation equations can be written as follows [24] [25] [26] 
where _ n is the droplet production rate and also _ m o , _ J o , _ E o are respectively the mass flow rate, momentum, and energy that enter the control volume from the injector outlet. S m , S mu , and S e are the source terms of mass, momentum, and energy equations, respectively.
Since the sum of probabilities has to be equal to one, the following equation has to be considered besides the above equations
There is an unlimited number of probability distribution functions (p ij ) which satisfy equations (1) to (3), but the most probable and proper distribution is the one that can maximize Shannon entropy
where K is the Boltzmann constant. If volume and velocity of droplets are transformed to diameter and velocity, then the formalism can be rewritten according to the probability of being present as the droplets whose diameters are between D nÀ1 and D n and whose velocities are between u mÀ1 and u m : 5 Equations (1) to (3) can be written in a nondimensional and integral form as equations (6) . 3 The Lagrangian multipliers method is used for maximizing of Shannon entropy (equation (5)). The nondimensional form of probability function is represented in equation (7). The set of i is a set of Lagrangian multipliers which must be computed. Consequently, to obtain the Lagrange coefficients ( i ) in the probability function ( f ), it is essential to solve the following normalized set of equations
As can be seen in the integral equations, the range of droplets diameter varies from D min to D max and velocity varies from u min to u max . In these equations, the dimensionless diameter, velocity, source terms, and other parameters are as follows
H is the shape factor of the velocity profile. 7 If the outlet velocity profile is assumed uniform, then the shape factor (H) equals to one.
In the present study, the mass source term is set to zero implying that the evaporation during the atomization is disregarded. It should be noted that, any energy conversion inside the control volume is not regarded as a source term. In the control volume, there is a momentum exchange between the gas and liquid flow because of drag force acting on liquid bulk. It should be considered as a momentum source term.
The Newton-Raphson method is used to solve equations set (6) and the probability function is determined by equation (7) . The range of variation for both the nondimensional diameter and velocity were considered from 0 to 3.
On the other hand in this study, the internal flow analysis inside the injector is incorporated into the maximum entropy formulation by using the source term of energy for the purpose of including turbulence effect in the estimation of the droplets size distribution.
Internal flow modeling
The turbulence, which develops inside the liquid in the injector, is the most important parameter to form perturbations on the liquid surface in the immediate vicinity of the nozzle outlet. These perturbations are sustained and strengthened by drag force acting on the liquid sheet finally causing the atomization process. 8 The CFD technique is used for the calculation of some important parameters of the liquid sheet inside the injector. Some of these parameters are the turbulent kinetic energy, liquid sheet thickness, liquid velocity, and cross-sectional area of the liquid sheet at the injector outlet. This information is used for the calculation of the energy equation source term, which has a crucial effect on the atomization process, to be used in the MEP model.
Prior researches
9,10 used a formulation to estimate the turbulence generation inside the injector. They assumed that the jet internal turbulence originates from the strong shear stress along the nozzle wall and possible cavitation effects. Then they proposed a formulation to be one dimensional and homogeneous model to approximate the initial turbulent kinetic energy.
Geometry and mesh
A cross-sectional schematic of the under-study swirl injector with tangential inlets is shown in Figure 1 . This schematic is provided using the available information in Eberhart et al. 11 and Movahednejad.
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Geometrical characteristics of the injector are tabulated in Table 1 . The design and geometry parameters of the mentioned injector are introduced in detail in the Eberhart et al. 11 and Movahednejad. 12 Figure 2 shows the full geometry and mesh used in the 3D simulation. The structured mesh is generated and its number is totally 850,000 elements. Table 2 presents the spray characteristics which are used in this study.
Numerical method
Currently, there are two approaches for the numerical calculation of multiphase flows: the Euler-Lagrange multiphase (ELM) approach and Euler-Euler multiphase (EEM) approach. One of the EEM models is the volume of fluid (VOF) model. Since the volume of a phase cannot be occupied by the other phases, the concept of phasic volume fraction is defined. These volume fractions are assumed to be continuous functions of space and time and their sum is equal to unity. 29 The VOF model is a surface-tracking technique applied to a fixed Eulerian mesh by solving a single set of momentum equations. [29] [30] [31] [32] Depending on volume fraction values, the variables and properties in each cell are either related to one phase or a mixture of the phases. This means that, if the qth fluid volume fraction in the cell is symbolized as a q , then the three conditions will be possible as follows [29] [30] [31] [32] a q ¼ 0: The cell is empty of the qth fluid a q ¼ 1: The cell is full of the qth fluid 0 < a q < 1: The cell contains the interface between the qth fluid and one or more other fluids.
In terms of the local value of a q , appropriate properties and variables will be allocated to each cell.
The interface tracking between the phases is done by solving a continuity equation for the volume fraction of the phases. For the qth phase, this equation is as follows
where _ m qp is the mass transfer from phase q to phase p and _ m pq is vice versa. S a q is the source term. The volume fraction equation is not solved for the primary phase. The volume fraction of the primary phase is calculated under the following constraint X n q¼1 a q ¼ 1 ð10Þ Figure 1 . Schematic of the swirl injector with tangential inlets. 
In this analysis, the k-" model is used as the turbulence model. The flow simulation is done for the geometry shown in Figure 2 . Boundary condition in the CFD model is set to be a known mass flow rate in the inlets corresponding to Table 2 
Result and discussion

CFD results
In Figure 3 , the contours of liquid volume fraction are shown at the longitudinal section and outlet cross section of the injector. As can be seen, the air core completely penetrates towards the end of the swirl chamber. Figure 4 depicts liquid volume fraction along one diameter of the nozzle outlet. Volume fraction is a nondimensional parameter, which varies between 0 and 1. It means that liquid volume fraction 0 indicates an empty cell of liquid and also liquid volume fraction 1 indicates a full cell of liquid. As shown in Figure 4 , thickness of the liquid sheet emanating from nozzle outlet is obtained to be equal to 0.5 mm. In order to locate the air-liquid interface boundary, it is stipulated that the liquid volume fraction less than 0.5 shall be allocated to the air and greater than 0.5 shall be allocated to the liquid. 33 The distance between the two dashed partitions is related to the air core and out of that is related to the liquid sheet at the nozzle outlet. Figure 5 presents the distributions of axial and swirl velocity inside the liquid sheet and air core along the nozzle outlet diameter. Figures 6 and 7 show the velocity magnitude vector contours in the longitudinal and cross sections, respectively. The liquid mean velocity magnitude at the nozzle exit plane is equal to 13 m/s, which agrees with the experimental data reported in Eberhart et al. 11 and Movahednejad. 12 As can be observed from Figure 6 , a reverse flow forms in the center of the nozzle and causes the formation of an air core in this region. Also, a recirculation zone forms at the injector exit plane due to the interaction between the liquid sheet and air sucked into the injector. As shown in Figure, a swirling flow forms in the injector which affects the spray structure. Physics of the flow inside the injector is noticeable, since the swirling Ambient Injector (swirl chamber + cone + nozzle) Figure 2 . 3D mesh-full and cross-sectional schematic. effects is determinant to thickness of the liquid sheet exiting the injector. The liquid sheet thickness exiting from the nozzle outlet has an important role in atomization fineness; it means that thinner liquid sheet leads to produce smaller droplets. Moreover, the aerodynamic forces acting on the liquid-gas interface affect physics of the flow and, consequently, affect the liquid sheet thickness. Therefore, physics of the flow is investigated in detail in this study. Basically, understanding physics of the flow inside the injector can help better realize the problem. As shown in Table 3 , there is a good qualitative and quantitative agreement between the experimental data 12 and present numerical simulation results such as liquid sheet thickness at the nozzle outlet (and air core diameter), spray angle, mass flow rate at nominal pressure difference of the injector, liquid velocity at the nozzle outlet, and flow swirling pattern estimated from internal flow analysis (CFD). Flow simulations carried out in Hosseinalipour et al. 30, 31 show similar qualitative behaviors.
Velocity and liquid sheet thickness at the nozzle outlet are the two most main parameters to control the liquid sheet breakup. Some of the liquid sheet characteristics at the nozzle exit plane, such as turbulent kinetic energy, liquid sheet thickness, liquid velocity, and cross-sectional area of the liquid sheet at the injector outlet, are used for estimating the momentum and energy equations source terms. These equations can predict the droplet size distribution; therefore, it is crucial to have a good prediction of the mentioned characteristics.
Effect of the liquid turbulence intensity on the droplets size is considered by the turbulent kinetic energy. The previous studies have shown that turbulence intensity of the jet at exit plane has an important role in the droplets formation. This parameter can significantly change the size and size distribution of spray. On the other hand, amount of this parameter, which is usually evaluated by flow turbulent kinetic energy, is dictated by the flow history inside the nozzle. In Figure 8 , mean turbulent kinetic energy along one diameter of the nozzle outlet is illustrated.
To estimate the turbulent kinetic energy entering the spray control volume it should be considered in the entire nozzle outlet area. The mean value of turbulent kinetic energy distribution of the flow at the nozzle exit plane is used to calculate the energy equation source term for the next step of modeling (the MEP model). The mean value of the turbulent kinetic energy is computed based on the amount of mass flow rate, which passes from each control surface (at the nozzle exit plane) and corresponding amount of the turbulent kinetic energy. Figure 9 shows the distribution of flow turbulence intensity along the diameter at the exit plane.
Combination of the two models
All previous studies [4] [5] [6] [7] for predicting the droplet size and velocity distributions are based on the MEP model in which the effect of the flow turbulence intensity is neglected. In this study, an energy source term is added to energy equation of the MEP model to enhance the prediction of the droplet size distribution.
RecirculaƟon zone Nozzle outlet
Reverse flow zone Air core This source term is evaluated using the CFD simulation of the flow. The flow inside the injector is turbulent; therefore, the disturbance velocities infuse an extra kinetic energy (in addition to the base flow kinetic energy) into the control volume that can be consumed for breakup of the jet and formation of the droplets. The proposed energy source term is as follows
As can be seen in equstion (11), the turbulent kinetic energy entering the control volume is utilized to compute the energy source term. All energy exchanges which happen inside the control volume are ignored. Just the energy that comes in or out of the control volume is considered as a source term. Subsequently, the flow turbulence generating inside the nozzle is the unique energy source, which enters the control volume. It should be noted that the heat transfer during the process is ignored. The mean turbulent kinetic energy computed from CFD model can be applied to evaluate the energy source term (equation (11)). The MEP formalism is sensitive to changing the energy source term.
In this study, the drag force acting on the liquid sheet due to the ambient air is also considered in the simulation. It was suggested and used in some previous studies. 12, [24] [25] [26] The drag force appears in the momentum equation as a momentum source term defined as below where F is the drag force acting on the liquid sheet and it can be presented as follows
C f is the drag coefficient of the air passing over a liquid flat plate with length L b and contact area A. It is different for laminar versus turbulent flow.
It has to be mentioned that the control volume length usually used in the MEP model is chosen from available experimental data for the same injection. This length covers the distance between the nozzle exit and breakup region. It should be noted that the mass mean droplets size D m as an input for the MEP model is gotten from the experimental data for the same injection.
The other required parameters such as the liquid sheet thickness used for calculation of both the momentum and energy source terms, liquid velocity at the nozzle outlet for calculation of both the momentum and energy source terms are calculated from the internal flow analysis (CFD) and utilized to improve the MEP model. Some parameters at the nozzle outlet and also the source terms are calculated and presented in Table 4 . The required experimental data 12 for using in the MEP model are according to Table 5 . Figure 10 presents the calculated probability of size distributions and experimental data for the studied injector. In this figure, the size distributions resulting from the MEP model using Huh and Gosman submodel, MEP model using the new sub-model (the CFD analysis of the flow inside the injector), and MEP model with no energy source term are illustrated. As can be observed the theoretical result of the MEP model, using the new sub-model (the current study) is in good agreement with the experimental data reported in Movahednejad. 12 As can be seen, the new sub-model provides more dependable and reliable results compared with the previous studies results.
Estimation of droplet size distribution
As can be seen in Figure 10 , when the energy source term is considered in the MEP model, the result matches very well with the experimental data. It is also observed that the theoretical distribution with no energy source term considerably overpredicts the frequency for the droplets smaller than 50 mm and underpredicts the frequency for the droplets greater than 50 mm compared with the experimental data. It can be due to lack of the turbulence kinetic energy within the liquid that is not added in the model. If the effect of turbulence within the liquid is not considered in the MEP model, then the model overpredicts the frequency of smaller droplets. As were reported by Sallam et al., 35 large-scale turbulent eddies (in low-speed jets) help to detach the fluid fragments and form larger droplets. Large-scale eddies contain enough energy to overcome the surface tension and produce the required surface energy to form larger droplets. This could be the main reason for improvement of the classic MEP model to the proposed model.
Even for the droplets diameter greater than 50 mm, the theoretical model using the Huh and Gosman submodel overestimates its frequency but the prediction of the theoretical model using the CFD sub-model (the current study) matches with the experimental data better than the other in the entire range of the droplets sizes. In the first case, the observed larger frequencies in the second part of the distribution could be due to the relatively large value of turbulent kinetic energy produced by the method which was suggested by Huh and Gosman. Now, it can also be investigated from another point of view. Figure 11 shows the droplets velocity distribution obtained from the experiment. It is assumed that the total kinetic energy that enters into the control volume to be used to produce the droplets. The kinetic energy of the base flow can be calculated based on the mean velocity profile at the nozzle outlet. On the other hand, the kinetic energy of the droplets can be calculated using Figure 11 and the surface energy of the droplets can be calculated using Figure 10 . Since the energy loss is not considered inside the control volume, it is expected that the sum of the output kinetic energy and droplets surface energy be equal to the input energy, but this calculation shows that the input kinetic energy is less than the output energy. Based on the mentioned procedure, kinetic energy rate of the droplets is estimated to be equal to 10.31 kgm 2 /s 3 . The mean flow kinetic energy rate is also calculated from the velocity profile at the nozzle outlet equal to 8.13 kgm 2 /s 3 . Also, surface energy rate of the droplets is calculated equal to 0.73 kgm 2 /s 3 , therefore, the total output energy will be 11.04 kgm 2 /s 3 whereas the total input kinetic energy is 8.13 kgm 2 /s 3 . The main reason of this lack of the energy level (26%) is related to the turbulent kinetic energy, which is not added to the input energy to the control volume.
Therefore, it can be concluded that the present model can well estimate the initial droplets size distribution. Also the result shows that the existence of the small droplets (smaller than 75 mm) is more probable than the larger ones. The existence probability of the droplets greater than 180 mm is obtained to be equal to zero from the MEP model but the experimental data shows the existence probability equal to zero for the droplets greater than 200 mm. A slight difference between the experimental data and theoretical study (the current work) might be because of the probable errors in the experimental measurement and assumptions in the theoretical model. Dumouchel 36 believes that due to the interaction between the surface tension and aerodynamic forces, very small or very large droplets cannot form. Therefore, the droplets smaller than 15 mm are not observed in the experimental data.
Conclusions
In this paper, the stochastic process of the atomization was modeled using the MEP in order to estimate the distribution of the droplets size in the primary breakup zone. To obtain more exact results, an exact and accurate estimation of the source terms (i.e. the aerodynamic forces throughout the gas flow field as a momentum source term and the turbulence kinetic energy as an energy source term) is vital.
The turbulence that develops inside the liquid in the injector is the most important reason for creating the liquid surface perturbations in the immediate vicinity of the nozzle outlet. In this study, the flow inside the injector was simulated using the CFD technique to calculate the liquid sheet properties such as the turbulent kinetic energy, liquid sheet thickness, liquid velocity, and cross-sectional area of the liquid sheet at the injector outlet. Therefore, the energy source term was determined from the simulation results and utilized to improve the MEP model in such a way that the turbulence effect be considered in the MEP model. If this energy source term is not considered in the energy conservation equation, then the model will overpredict the frequency of the smaller droplets. As reported by Sallam et al., 35 large-scale turbulent eddies (in lowspeed jets) help to detach the fluid fragments and form larger droplets. This could be the main reason for improvement of the classic MEP model to the proposed model. The MEP model and CFD sub-model were coupled together by the source terms of energy and momentum.
Although some assumptions were considered to simplify and solve the governing equations, the results showed a very good agreement with the experimental data in terms of both the quantity and trend. It means that the present model can well implement the effects of the mechanisms in which the spray control volume such as the turbulence and aerodynamic forces occurs.
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